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ABSTRACT 
This repor t  p resents  t he  ana ly t i ca l  solut ions of t he  problem of  opt i -  
mum maneuvering of a g l i d e  vehicle  f ly ing  a t  hypervelocity regime. The in- 
ves t iga t ion  is based on the  approximation of Allen and Eggers, namely along 
the  fundamental p a r t  of a reent ry  o r  ascent t r a j e c t o r y  
forces  g rea t ly  exceed the  components of the force  of g rav i ty  i n  t h e  direc-  
t i ons  tangent and normal t o  the  f l i g h t  path. 
the  aerodynamic 
The problem cons is t s  of  f inding a n  optimal cont ro l  l a w  f o r  the  l i f t  
program such t h a t  t h e  f i n a l  ve loc i ty  o r  the f i n a l  a l t i t u d e  is maximized. 
A s  appl ica t ions ,  t he  problem can be viewed as bringing the  vehicle  t o  t h e  
bes t  condition f o r  in te rcept ion ,  or penetration, or making an evasive 
maneuver. 
i n  closed forms. 
optimal whenever it is reached. The switching sequences f o r  d i f f e ren t  
cases are discussed and it is shown t h a t  t he re  are a t  most two switchings. 
When t h e  range is a l so  prescribed t h e  problem cons i s t s  of in tegra t ing  
If the  range is not constrained, t h e  so lu t ions  are obtained 
If the  l i f t  cont ro l  is bounded, then bounded con t ro l  is 
a second order  nonl inear  system. 
technique, an approximate so lu t ion  is obtained f o r  t he  case of optimizing 
the  f i n a l  ve loc i ty  with a s l i g h t l y  constrained range. 
Using Poincar6's series expansions 
xi 
OPTIMUM MANEUVERS OF HYPERVELOCITY VEHICLES 
I. INTRODUCTION 
In  recent  years much a t t e n t i o n  has been focused on t h e  
However, f e w  a n a l y t i c a l  optimum maneuvering of  a g l ide  vehicle .  
r e s u l t s  have been obtained s ince  most of the works t h a t  have been done 
i n  t h i s  area are concentrated on numerical analysis .  
t he  exce l len t  work of Contensou C11, it appears t h a t  i f  the  approxima- 
t i o n  of Allen and Eggers i s  used C2,3], that  is, i f  t he  acce lera t ion  
of t he  grav i ty  is neglected,  then a detai led ana ly t i ca l  study of t h e  
problem can be achieved. 
than numerical so lu t ions  but they are useful i n  many considerat ions.  
They expose the  main c h a r a c t e r i s t i c s  of the optimal l a w  of con t ro l  and 
permit a rap id  comparative ana lys i s  of d i f fe ren t  t r a j e c t o r i e s .  
i n  t he  range of t he  state space where the approximations used are j u s t i -  
f i e d ,  ana ly t i ca l  so lu t ions  give adequate answer t o  the  problem. 
In  the  l i g h t  of 
Such a n a l y t i c a l  so lu t ions  may be less accurate  
Also, 
In  t h i s  r epor t  we  s h a l l  consider the  motion of a vehicle  
f l y i n g  a t  hypervelocity regime i n  a v e r t i c a l  plane with engine shut 
off a t  a l l  po in ts  of t he  f l i g h t  path. 
cont ro l led  by an e l eva to r  , thus varying the aerodynamic forces  ac t ing  
on t h e  f l y i n g  objec t .  
The vehicle  t r a j e c t o r y  can be 
The system has one independent var iab le ,  the  t i m e  
1 
and four  dependent var iab les ,  namely (Fig. 1) 
x = hor izonta l  d i s tance  
z = a l t i t u d e  
V = veloc i ty  
y = f l i g h t  path angle. 
If w e  assume a drag function of t h e  form D = D(z,V,L) and if 
t h e  l i f t  program L = L ( t )  is prescribed a t  a l l  times, then f o r  a given 
i n i t i a l  condition, t h e  t r a j e c t o r y  of t h e  vehicle  is  uniquely determined. 
The problem cons i s t s  of f inding an  optimal cont ro l  law of 
t h e  l i f t  and drag forces  t o  br ing  the  vehicle  f r o m  a known i n i t i a l  f l i g h t  
condition to  a terminal  f l i g h t  condition such t h a t  a c e r t a i n  f i n a l  element, 
as the  a l t i t u d e ,  t h e  range, o r  the  ve loc i ty ,  is maximized. 
As appl ica t ions ,  t h e  problem can be viewed as br inging t h e  
vehicle t o  t h e  bes t  condition f o r  in te rcept ion ,  o r  penetrat ion,  o r  mak- 
ing an evasive maneuver. 
Since the  ana lys i s  neglects  t h e  g rav i ty  fo rce ,  the  f l i g h t  
occurs i n  the  fundamental p a r t  of a reent ry  or  ascent  t r a j e c t o r y  i n  which, 
on t h e  average, t h e  aerodynamic forces  g rea t ly  exceed t h e  components of 
t he  force of grav i ty  i n  t h e  d i r ec t ions  tangent and normal t o  the  f l i g h t  
path. 
examples mentioned above. The f l i g h t  path involves a r e l a t i v e l y  sho r t  
range and a l t i t u d e ,  and hence can be invest igated within the  framework 
of t h e  non-rotating , f l a t  e a r t h  model. 
This is t h e  port ion of t r a j e c t o r y  genera l ly  encountered i n  the  
2 
To define a control  parameter, w e  assume a parabol ic  drag 
polar  for t he  vehicle  (Fig.2). The r e l a t i o n  between t h e  drag and l i f t  
coe f f i c i en t s  is thus  given by 
2 CD - CDo + KCL 
where the  ze ro - l i f t  coef f ic ien t  CDo and the  induced drag f a c t o r  K are 
assumed independent of t he  Mach number and the Reynolds number f o r  t he  
ve loc i ty-a l t i tude  range of the  maneuver. We s h a l l  use as cont ro l  param- 
eter the  r a t i o  of t he  induced drag t o  t h e  zero- l i f t  drag 
Then we have f o r  t he  l i f t  and drag coe f f i c i en t s  
* 
CL = XCL ( 3 )  
(4) * 2 CD = 1 / 2  CD ( 1  + x 1 
* * 
D where CL and C 
maximum l i f t  t o  drag r a t i o  E . 
are the  l i f t  and drag coef f ic ien ts  corresponding t o  
* 
We may assume t h a t  the  control  space is bounded, t h a t  is 
< 1x1- Amax 
3 
XC; 
0 
Fig .  1. GEOMETRY O F  THE TRAJECTORY. 
I 
2 *  c" D I / * ( l + X  1 CD 
Fig .  2. PARABOLIC DRAG POLAR. 
4 
The maximum pr inc ip le  is a convenient va r i a t iona l  technique 
t o  handle t h i s  case. 
The plan of t h i s  repor t  is as follows: 
After the  introduct ion i n  sec t ion  I ,  the  general  problem is 
formulated as an optimal cont ro l  problem i n  sec t ion  11. 
w e  give t h e  formal so lu t ion  t o  the  problem. 
optimal con t ro l  is governed by a s ingle  nonlinear d i f f e r e n t i a l  equation 
of t h e  second order.  
d i f f e r e n t i a l  equation which can be integrated i n  closed form i f  the  
f i n a l  condition i n  t he  range is relaxed. 
In sec t ion  I11 
It w i l l  be shown t h a t  the  
This equation is degenerated i n t o  a first order  
I n  sec t ions  I V Y  V and V I  w e  study t h e  degenerate case which 
occurs when the  range is not constrained. 
l e m  of f inding the  t r a j e c t o r y  which maximizes the  f i n a l  veloci ty .  
problem of maximizing the  f i n a l  a l t i t u d e  is considered i n  sec t ion  V. 
In  s ec t ion  V I  w e  analyze the  case where the con t ro l  is bounded. In  
t h i s  case bounded cont ro l  may be optimal and the  switching sequence 
is  discussed.  
Section I V  concerns the  prob- 
The 
I n  sec t ion  V I 1  w e  give approximate so lu t ion  t o  the  problem 
of maximizing t h e  f i n a l  ve loc i ty  when the  f l i g h t  path angle is  small 
and t h e  range is s l i g h t l y  constrained. 
The last  sec t ion  summarizes the p r inc ipa l  resul ts  i n  t h i s  
r epor t .  
5 
I 
11. FORMULATION OF THE PROBLEM 
The motion is governed by the equations [43 
dx - -  dt - v cos y ( 7 )  
- -  dz - v s i n  y d t  
dr=& 
d t  VW 
dV 
d t  W 
- =  - g D  (10) 
where g i s  the  acce lera t ion  of the  g rav i ty  and W is the  weight of t h e  
vehicle. 
as new independent var iab le ,  w e  have t h e  state equations 
If the  t i m e  is eliminated, and t h e  f l i g h t  path angle is chosen 
2 dx WV cosy - =  
dY gL (11) 
2 dz WV s i n y  - =  
dY gL 
dV V 
dY E 
- = - -  
where E = L/D. E and L can be e x p l i c i t l y  expressed i n  terms of t h e  
cont ro l  parameter. 
E = -  2E*X 
1 + X 2  
L = 1/2 p s v  CLX 2 *  
6 
(12) 
(13) 
(14) 
(15) 
where S is a reference area and P is the  atmospheric mass densi ty .  
When (14) and (15) are subs t i t u t ed  i n t o  t h e  state equat ions,  t he  r e s u l t  
is  
dx 2(W/S)cos y - =  
dY -gPcLA 
d V  v (1 + A 2 )  
d y  -2EkX - =  
The following dimensionless var iables  are now introduced. 
(16) 
(18) 
where t h e  constants  B and po are chosen so t h a t  t he  best average f i t  
is  obtained f o r  t h e  exponential  approximation of t he  densi ty  va r i a t ion  
i n  t h e  a l t i t u d e  range of the  maneuver. 
In  terms of t h e  dimensionless var iab les ,  t he  equations of 
state t ake  t h e  simple forms 
7 
The end conditions are: 
A t  the  i n i t i a l  t i m e ,  y = yo 
u = u  
0 ,  0 
c = c 0 = o ,  w = w  
A t  the  f i n a l  time , y = y1 
c = c l ,  w = w l ,  u = u l  
(23) 
(24) 
It is des i red  t o  f i n d  an optimal cont ro l ,  hopt, t o  maximize 
a functional of t h e  form 
J CISl + C2w1 
In t h i s  purpose 
+ c3u1 
w e  form t h e  Hamiltonian 
el 
(25)  
(26) cos y s i n y  l + X L  H = P 1 x - P 2 7  - P 3 F  
where t h e  ad jo in t  vec tor  (ply p2, p3) is defined by t h e  ad jo in t  equations 
8 
with t h e  add i t iona l  end-condit ions 
pi(yl) = - Ci , i = 1, 2, 3 
The so lu t ion  is obtained by in tegra t ing  t h e  systems of state 
equations (20-22) and ad jo in t  equations (27-29) using the  end-conditions 
(23), (24) and (30) and a con t ro l  X = X such t h a t  a t  each i n s t a n t  
t h e  Hamiltonian H t akes  on its smallest value. 
opt 
9 
111. FORMAL SOLUTION TO THE PROBLEM 
We s h a l l  consider t h e  general  case where th ree  of t h e  state 
variables are prescribed a t  t h e  f i n a l  time and t h e  remaining va r i ab le  is 
t o  be maximized. 
We successively consider t h e  case of maximum f i n a l  ve loc i ty ,  
maximum range, and maximum f i n a l  a l t i t u d e .  
t h e  same, only t h e  end-conditions change with t h e  problem. 
The governing equation being 
F i r s t ,  f r o m  t h e  ad jo in t  equations we  have immediately t h e  
in t eg ra l s  
= constant,  p3 = constant (31) 
p1 
The s t a t iona ry  condition of t h e  Hamiltonian implies 
cos y 
p1  w - p2 s i n y  = p3 (1-m) (32) 
where 
2 
opt 
m = X  (33) 
By d i f f e r e n t i a t i n g  (32) and using t h e  r e l a t i o n s  (211 ,  (28) 
and (31) w e  have 
s i n  y dm 
p3 dy + p2 cosy = p1 w 
Repeating the  process y i e lds  
P1 2 d m  
p3 7+ (p2s iny  - p1 F) -  
dY w2 
= o 
10 
(34) 
(35) 
Equations (32) and (34) can be solved f o r  w and p2 t o  give 
E dm - = s i n y  - - cosy ( m - 1 )  
w dY 
p2 = pg k o s  y - dm + s i n y  (m-111 
d y  
(36) 
(37) 
where 
(38) e = -  
Fina l ly ,  t he  subs t i t u t ion  of Eqs. (36)  and (37) i n t o  Eq. (35) 
P 1  
p3 
y ie lds  a second order  non-linear d i f f e r e n t i a l  equation f o r  t h e  optimal 
cont ro l  
dm 2 ‘[G + m-1  ]= +[ s i n  y - d y - cosy (m-14 
Concerning t h i s  equation we have the  following remarks 
a. Two p a r t i c u l a r  so lu t ions  are 
m = 1 and m = 1 + al s i n y  
Hence w e  may assume a general  solution of t he  form 
m = 1 + al s i n y +  Ef ( E ,  ao, al, y )  
(39) 
(40) 
(41)  
where a. and a are two constants of integrat ion.  1 
b. If the  range is open, t h a t  is, i f  the  f i n a l  value 5, 
is not  constrained, then p1 = 0. 
immediately t o  give 
The equation can be integrated 
m = 1 + al s i n y  
Hence for a s l i g h t l y  constrained range, t h a t  is, f o r  a pre-  
scr ibed value 5, such t h a t  it is near the value which 5 would have at 
the  f i n a l  time if it were f r ee ,  we may reasonably assume t h a t  E is s m a l l  
and construct  approximate solut ion of Eq. (39) on t h i s  bas i s .  
11 
c. Equation (39) is of t he  type of the  so-called s ingular  
perturbation d i f f e r e n t i a l  equation, t h a t  is, when the  per turba t ion  van- 
ishes  w e  have a lower order  equation. Special  care must be observed i n  
handling t h i s  type of problem s ince  there  e x i s t  boundary condi t ions such 
t h a t  f o r  small E t h e  so lu t ion  may not be close t o  the  one known f o r  
E = 0. 
In  the  next t h ree  sec t ions  we w i l l  study t h e  case where E = 0 
and i n  sec t ion  V I 1  w e  w i l l  der ive an approximate so lu t ion  f o r  t h e  case 
of maximizing the  f i n a l  ve loc i ty  with s l i g h t l y  constrained range. 
of now, we assume the  so lu t ion  (41)  is known and w i l l  show how t o  com- 
pute t h e  d i f fe ren t  constants  of  in tegra t ion  involved i n  d i f f e r e n t  cases. 
A s  
1. MAXIMUM FINAL VELOCITY 
In  t h i s  case t h e  terminal  pos i t ion  i s  prescribed, 5 = C,, 
w = w1 a t  t h e  f i n a l  time 
mized. 
y = y w h i l e  t he  f i n a l  ve loc i ty  i s  t o  be maxi- 1 
The optimal con t ro l  (41 )  contains  two constants  of i n t eg ra t ion  
a and al. Eq. (36) gives w without in tegra t ion  
0 
w = w ( Y ,  ao, al, E) 
1 The end-conditions i n  w can be used t o  express a and a 0 
i n  terms of E. Next, by in tegra t ing  (20) w e  have 
where C1 is a new constant of in tegra t ion .  
can now be used t o  ca l cu la t e  E and C1. 
The end-conditions i n  5 
12 
Fina l ly  ( 2 2 )  can be in tegra ted  t o  have the  ve loc i ty  h is tory .  
(44) u = u ( Y ,  C,) 
u 0 = u (Yo, C,) 
The constant  of in tegra t ion  C is obtained by t h e  condition 2 
(45) 
while t h e  f i n a l  maximum veloc i ty  can be calculated by put t ing  y = y i n  
E q .  (44). 
1 
2 .  MAXIMUM RANGE 
In t h i s  case the  f i n a l  a l t i t u d e  and f i n a l  ve loc i ty  are pre- 
y = ywhile the  range is  t o  scr ibed,  w = wl, u = u1 a t  t h e  f i n a l  time 
be maximized. 
1 
Like t h e  preceding case, t h e  constant a. and al can be 
expressed in terms of E by applying t h e  end-conditions i n  w t o  E q .  (42). 
Next 
u = u (y ,  E, C,) 
by in tegra t ing  ( 22) we have 
(46) 
The end-conditiorsin u can be used t o  calculate  E and C 
Eq.  (20) is  in tegra ted  t o  have t h e  range d i s t r i b u t i o n  
F ina l ly  1' 
5 = 5 (Y , c,) 
0 = 5 ( Y o ,  c,) 
The constant  of in tegra t ion  C2 is obtained by the  condition 
while t h e  maximum range is obtained by putting y = y i n  Eq. (47). 1 
(47 1 
(48) 
13 
3. MAXIMUM FINAL ALTITUDE 
In t h i s  case t h e  f i n a l  hor izonta l  dis tance and f i n a l  ve loc i ty  
are prescribed, 5 = El, u = u1 a t  the  f i n a l  t i m e  
a l t i t ude  is  t o  be maximized. 
y = Ylwhile t h e  f i n a l  
F i r s t ,  t he  component p2 of the  ad jo in t  vector  is  obtained 
without in tegra t ion  f r o m  Eq. (37) 
P2 = P3 0( Y, ao, al, E) (49 1 
Next, applying the  i n i t i a l  condition t o  Eq. (42) and the  condition 
p2 (yl) = t1 t o  Eq. (49) w e  have t h e  equations 
0 0 = ‘Yo, ao, al, E) (50) 
1 = P30 (Y19 ao, a19 € 1  (51) 
These two equations,  together  with Eq. (38) are s u f f i c i e n t  t o  express 
the  constants a al and E i n  terms of t h e  constants  p1 and p3. 
0’ 
in tegra t ing  Eqs. (20)  and ( 2 2 )  we have 
By 
The end-conditions i n  E and u give four  equations t o  ca l cu la t e  t h e  con- 
s t a n t s  pl, p3, C1 and C2. 
a l t i t u d e  d i s t r i b u t i o n  
F ina l ly  Eq. (21) is in tegra ted  t o  have t h e  
w = w ( y ,  C,) (54) 
14 
The constant of  in tegra t ion  C3 is obtained by t h e  i n i t i a l  condition 
w = w ‘Yo, c,) ( 5 5 )  
0 
while t h e  maximum f i n a l  a l t i t u d e  is obtained by put t ing  y = y i n  
Eq. (54). 
1 
In  numerical appl ica t ions  i f  the optimal cont ro l ,  Xopt, 
g e t s  ou ts ide  of its bound Amax, then bounded cont ro l  should be considered 
t o  determine t h e  minimality of t h e  Hamiltonian defined by (26 ) .  
case w i l l  be considered i n  d e t a i l  i n  section V I .  
This 
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I V .  MAXIMUM FINAL VELOCITY WITH UNCONSTRAINED RANGE 
When t h e  range is not constrained, p1 = E = 0 and so lu t ion  
(41) is reduced t o  
a 2  = 1 + a s i n  y (56 )  
This so lu t ion  was obtained by Contenscu C1l f o r  t h e  case of 
maximizing t h e  f i n a l  ve loc i ty  of a sk ip  t r a j e c t o r y  when t h e  f i n a l  a l -  
t i t u d e  is  equal t o  t h e  i n i t i a l  a l t i t u d e .  
r e s t r i c t i o n .  
1 
Here we s h a l l  remove t h a t  
The end-condit ions are 
A t  y = YO’ 5 
1’ A t  y =  
The constant of 
conditions i n  w.  We have 
w - 0  = -  
l o  
= 0 ,  w = w  u = u  
0’ 0 
w = wl, u = maximum (57) 
in tegra t ion  a 
by in t eg ra t ing  (21) 
Y 
is ca lcu la ted  by t h e  end- 1 
(58) 
’sin vdv 
J YO \Il+al s i n y  
Here we have a choice of a (+)  or ( -1  s i g n  i n  f r o n t  of t h e  r a d i c a l .  
a posit ive l i f t  t h e  t r a j e c t o r y  is  concave upward and by Eq. ( 9 )  y i s  
increasing. 
f l i g h t  path angle is  decreasing. 
sign the t r a j e c t o r y  passes through an inf lex ion  poin t  (Fig. 3 ) .  
s ion  (58) can be evaluated by t h e  use of t he  e l l i p t i c  i n t e g r a l s .  
t h e  heat and dece lera t ion  cons t r a in t s ,  p r a c t i c a l  maneuvers are ef fec tu-  
a t ed  at small f l i g h t  path angles. 
For 
For a negative l i f t  the  t r a j e c t o r y  is concave downward and t h e  
If X passes through zero and changes 
Expres- 
Due t o  
Then (58)  is approximated by 
16 
Fig .  3 .  OPTIMUM F L I G H T  P A T H  WHEN y1 = yo, u1 = uo, 
SHOWING THE E F F E C T  OF L I F T  ON CURVATURE. 
17 
( 5 9 )  
The use of y a s  independent var iab le  requi res  t he  study of t h e  var ia -  
t i o n s  of y. In t h e  v e r t i c a l  plane of motion we take y negative downward 
If the constant al i s  such t h a t  X can vanish f o r  c e r t a i n  value of y 
1 
% e = - -  
al 
(60) 
then by Eq. (201, f o r  t h i s  value of y 
and y, is a maximum or a minimum. 
point .  By Eq. (34) 
The t r a j e c t o r y  has  an inf lex ion  
2 
dX '2 - -  - -cos  y f  0 
BY P3 
Hence, X 
r e l a t ion  
changes s ign  when y passes through k. With these  considerat ions 
(59)  can be wr i t ten  e x p l i c i t l y  when t h e r e  is no inf lex ion  point 
and i n  the case where 
2 
7.j- 3al (ul-uo) 
we s t a r t  with a pos i t i ve  l i f t  
(61) 
With an inf lexion point  on t h e  t r a j e c t o r y ,  al is  obtained by solving 
In  both cases we have a s ing le  q u a r t i c  equation f o r  al 
18 
In the  s p e c i a l  case where w =w we have simply 1 0’ 
3( Yl+Yo’ 
%+yo + 5.k 
al = 9 ( Y1 f Yo’ 
2 2  
If wl=wo, yl=k, al i s  obtained by solving 
- 2 2  3 3  
’0 al 3yo al + 4 = o 
or 
2 , a = -  1 
yo al = -- YO 
(65) 
(66) 
Fig. 3 shows the  t r a j e c t o r i e s  i n  t h i s  case. For a negative y s ince the  
0’ 
2 in f lex ion  poin t  occurs for pos i t i ve  y, we should take  al = - 
Y yo . A t  t h i s  ‘0 Then 1 = - - 
poin t ,  t o  avoid negative acce lera t ion  the  p i l o t  can make a h a l f  r o l l  and 
continue t h e  f l i g h t  with prescribed l i f t .  
The inf lexion point i s  a t  the  a l t i t u d e  w*=wo. 2 
The ve loc i ty  ra t io  is 
2E* log - vo = - 4 6 
v1 
(67) 
For a pos i t i ve  y s ince  the  inf lexion point occurs f o r  negative y 
w e  have again a 
case,  and the  inf lexion point is a t  t h e  same a l t i t u d e .  
0’ 
= - . The ve loc i ty  r a t i o  is the  same as i n  the  first 
yo 
19 
When al = 0 t h e  
a t tack  g iv ing  t h e  maximum 
i n  t h i s  case, and t h e  end 
w - cos y = 1 1 
In the  genera l  case a is 1 
maneuver is ef fec tua ted  a t  constant angle of 
lift t o  drag r a t i o .  
conditions s a t i s f y  t h e  r e l a t i o n  
w - cosy  (68) 
obtained by solving Eq. (63). The ve loc i ty  
N o  in f lex ion  point occurs 
0 0 
d i s t r ibu t ion  is  obtained by in t eg ra t ing  Eq. ( 2 2 )  and we have f o r  t h e  
case without in f lex ion  
Using (61) w e  have t h e  a l t e r n a t e  expression 
For the case with inf lex ion ,  we have 
a = 2E* log - vO = - 2 c (4+aly1) \(FYI + (4+al%) (71) 
v1 3al 
Using (62)  w e  have the  a l t e r n a t e  expression 
When al = 0 w e  can i n t e g r a t e  d i r e c t l y  Eq. (22) and have t h e  
well-known expression [SI 
For each value of \ and a given difference i n  t h e  atmospheric mass 
dens i ty  Aw=wl-wo, w e  can e a s i l y  ca l cu la t e  t h e  c r i t i ca l  e x i t  angle y1 
such tha t  t h e  inf lex ion  point begins t o  appear on t h e  optimal t r a j e c t o r y  
by noting t h a t  such an angle and t h e  corresponding value of al s a t i s f y  
both Eqs. (61) and (62). Hence, by subt rac t ing  t h e  equations w e  have 
20 
By varying y 
Hence 
the  first inf lexion point appears a t  the  f i n a l  posi t ion.  1’ 
1 a = - -  
y1 1 
and f r o m  e i t h e r  Eq. (61)  or (62) we have t h i s  c r i t i c a l  value of y1 
by solving - 
( Y1-Yo) \i Y, 3 ( w  -w 1 = - 2y1(2y t y  ) 1 0  1 0  
(75) 
(76) 
I 
Squaring w e  have a qua r t i c  equation f o r  y 1 
(77) 16y: - 1 2 3  y? - 4 y 0 5  3 - 9(w1-wo) 2 = 0 0 1  
To have t h e  equations of t h e  optimal t r a j ec to ry ,  we first 
not ice  t h a t  f o r  t h e  a l t i t u d e  d i s t r ibu t ion  w e  j u s t  have t o  rewrite Eqs. 
(61) and (62)  as: 
For t h e  case without in f lex ion ,  
1 aa 
when a = 1 
up t o  the  
inf lex ion  
0,  w is  given by (68) w i t h  subscript  1 
For t h e  case with inf lexion point,  t he  
inf lexion point is given by Eq. (78). 
point is then 
omitted. 
a l t i t u d e  d i s t r ibu t ion  
The a l t i t u d e  of the  
21 
Beyond t h e  inf lex ion  point  t he  a l t i t u d e  d i s t r i b u t i o n  is given by 
The range d i s t r ibu t ion  is  obtained by in tegra t ing  Eq. (20).  
If the  inf lex ion  point  is not present w e  have 
t h e  denominator of t h e  integrand has th ree  real  roo t s ,  say O, 4, and 
43. Then we have e x p l i c i t l y  
where 
Kg 
When al = 0 
by put t ing 
Eq. (84) is  not  va l id  but Eq. (20)  can be e a s i l y  in tegra ted  
x = 1, w = cosy - cosy + w 
0 0  
22 
This gives [ 4 ]  
5 = y-yo - A log  
where 
Y 
2 B + t a n  - B - t a n  - 
Y O  B - t a n  5 B + t a n  - 2 
9 (87)  1 - w  + cosy 
w - cosy 
0 0 A =  B =  
2 1 - (wo - cosyo) 
In  t h e  case where t h e  inf lex ion  point occurs expression (84)  f o r  t h e  
range is v a l i d  up t o  t h e  inf lex ion  poin t ,  t h a t  i s  up t o  the  value of 
y = - -  
1 
. The inf lex ion  point is a t  a distance 1 a 
Beyond t h e  inf lex ion  point (81) is replaced by 
If inequal i ty  (83) i s  s a t i s f i e d  t h e  new denominator of t he  integrand a l s o  
has th ree  real roo t s ,  say -$1, -$2 and -'3. 
f o r  t he  range beyond t h e  inf lex ion  point equation (84) replaced by 
Then we have e x p l i c i t l y  
If t h e  inequal i ty  (83) reverses, t h e  i n t e g r a l  ( 8 4 )  as w e l l  as ( 9 0 )  
contains one arc tangent. 
Fig. 4 p l o t s  t h e  optimal t r a j e c t o r i e s  i n  t h e  (-Aw, yl) space 
with a negative i n i t i a l  f l i g h t  path angle, yo = - l o o ,  and a f i n a l  f l i g h t  
path angle y zy 1 0' 
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The admissible space is divided i n t o  two regions,  ( A )  and ( B ) ,  
by the curve I J K .  
inflexion. 
t h e  optimal t r a j ec to ry .  
In  region ( A ) ,  optimum f l i g h t  path is  flown without 
Points i n  region (B) are reached with an inf lex ion  point  on 
The inf lexion poin ts  are on t h e  curve J K  which 
is a qua r t i c  given by Eq. (76). 
For a terminal state along the  curve IJ t he re  e x i s t  two op t i -  
m a l  t r a j e c t o r i e s  with two d i f f e ren t  l i f t  cont ro ls ,  giving t h e  same max- 
i m u m  f i n a l  veloci ty .  
and without inf lexion point .  
One t r a j e c t o r y  is  flown with high l i f t  coe f f i c i en t  
This type of t r a j e c t o r y  e a s i l y  v io l a t e s  
condition (6) on the  bounded l i f t  cont ro l  and w i l l  be analyzed i n  Sec- 
t i o n  V I .  The second t r a j ec to ry  is flown with lower l i f t  coef f ic ien t  and 
with an inf lexion point .  
Fig. 5 p l o t s  t h e  optimum veloc i ty  r a t i o  vO 
v1 
a = 2E* log - 
versus the  f i n a l  f l i g h t  path angle f o r  d i f f e ren t  Au. 
< 
When Aw-0, i.e. when the  f i n a l  a l t i t u d e  is higher than o r  
equal t o  t he  i n i t i a l  a l t i t u d e ,  t he re  e x i s t s  one value of y1 such t h a t  
t he  veloci ty  l o s s  is minimum. This value of y1 is given by 
da - =  0 
d y l  
O r  from (69) 
24 
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5: 
3 
X 
U 
f: 
K 
H 
E- n. 
0 
f 
I 
By d i f f e ren t i a t ing  (61) with respec t  t o  y1 we have 
between t h e  two equations By eleminating al and - 
we have t h e  equation 
dal 
d y l  
above and Eq. (61) 
(Y1-Yo 1 J y 1  3 ( w  -w ) = -2y1 (2y +y ) 1 0  1 0  (93) 
which is i d e n t i c a l  t o  Eq. (76). 
Hence t h e  value of y 
l o s s  for each Au-0 is t h e  cri t ical  y 
t h e  inflexion point appears a t  t h e  f i n a l  pos i t ion .  
obtained along the  curve J K  i n  Fig. 4. 
which gives the  ove ra l l  minimum ve loc i ty  
t h a t  i s  t h e  value of y1 such t h a t  
1 
< 
1’ 
This c r i t i ca l  y1 is  
When A w O ,  i .e.  when t h e  f i n a l  a l t i t u d e  is lower than t h e  
i n i t i a l  a l t i t u d e  t h e r e  e x i s t  a r e l a t i v e  maximum veloc i ty  l o s s  and a 
r e l a t i v e  minimum veloc i ty  l o s s .  
The maxima occur when w e  switch from optimum f l i g h t  without 
inflexion t o  optimum f l i g h t  with inf lex ion .  
value of y 
r e l a t i v e  minimum ve loc i ty  l o s s  is  given by Eq. (93). When 
For each Au, t h e  corresponding 
is given by t h e  curve IJ i n  Fig. 4. The value o f  y1 f o r  1 
< Yo( p-1) 
yo- y 1  < - --. 4 
26 
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Y 
r e l a t ive  minimum ceases t o  e x i s t  and a l l  optimal t r a j e c t o r i e s  a r e  flown 
without inf lexion.  
If we a l s o  consider t r a j e c t o r i e s  for which yl<yo, then f o r  
each A w O ,  there  is always a cri t ical  yl<yo given by (93) such t h a t  t he  
overal l  ve loc i ty  l o s s  is a minimum. 
We a l s o  note t h a t  f o r  each f i n a l  angle y there  e x i s t s  a value 1 
of Aw such t h a t  t he  ve loc i ty  l o s s  is minimum. 
a t  maximum aerodynamic e f f ic iency  (al=O) and Aw is given by Eq. (68).  
The l ine  a = 2(y1-y0) is t h e  envelope of t he  curves i n  Fig. 5. 
The t r a j e c t o r y  is flown 
The type of t r a j e c t o r i e s  presented i n  t h i s  sec t ion  is optimal 
i n  the  sense t h a t  they give the  minimum veloc i ty  1oss.Some trajectories 
require  high pos i t ive  l i f t  and t h i s  i s  not admissible i f  t h e  l i f t  con t ro l  
is bounded. In  these  cases bounded cont ro l  can be optimal and discussion 
of t h i s  type of t r a j e c t o r i e s  w i l l  be the  subject  of Section V I  . 
Also , optimal t r a j e c t o r i e s  may impose high acce lera t ion  , and 
f o r  completeness w e  w i l l  der ive expressions t o  ca l cu la t e  t he  accelera- 
t i ons  along the  f l i g h t  path. 
The expressions i n  w and 6 ,  i .e .  t h e  geometry of t h e  optimal 
t ra jec tory ,  do not depend on the  i n i t i a l  veloci ty .  Thus it is expected 
t h a t  i f  t h e  i n i t i a l  ve loc i ty  increases  , higher acce lera t ions  w i l l  occur 
along the f l i g h t  path. 
accelerat ions as 
We define the  dimensionless noma1 and t angen t i a l  
. 
V 
8 a t = - -  
- VY an - -
g y  
28 
(95) 
Therefore the  magnitude of the  dimensionless t o t a l  accelerat ion is  
a = -  /-
f3 
In terms of the  dimensionless parameters (19)  we have 
an = w~ e x p ( $ - )  
a = m  w d(l+X2I2 + 4En2X2 e x p b )  
Therefore we have the  r e l a t i o n s  
2E*X a =?a t  
1 + X  n 
t a =  i (1+X2I2  + 4E**X2 a 1 + X 2  
(96) 
It can be seen t h a t  a t  t h e  inf lexion point the normal component of t he  
accelez?ation vanishes. 
acce le ra t ions  once the  optimal t ra jec tory  has been determined. 
Expressions (97)  permit the calculat ions of t h e  
29 
V. MAXIMUM FINAL ALTITUDE WITH UNCONSTRAINED RANGE 
In t h i s  case the  range is  free and the  optimal cont ro l  is given by ( 5 6 ) .  
We assume t h e  terminal  f l i g h t  path angle yl, and t h e  ve loc i ty  l o s s  a 
are prescribed and wish t o  f i n d  t h e  t r a j e c t o r y  which maximizes t h e  f i n a l  
a l t i t ude .  
The end-conditions are 
o = o  
0’ 0 
5 = 0 ,  u = u  
YO ’ 
y1 = 1 
A t  y = 
(99 1 
-w = maximum A t  y = 
The constant of in tegra t ion  al i n  the  optimal con t ro l  is cal- 
culated by t h e  end-conditions i n  u. 
2 + a siny 
dY 
vO 1 
v1 
a = 2E* log  - = 
The i n t e g r a l  on the  right-hand s i d e  of the  equation can be 
calculated by the  use of t h e  e l l i p t i c  i n t eg ra l s .  
1 For small f l i g h t  path angles and when t h e r e  is  no inf lex ion ,  a 
is obtained by solving 
With an inf lexion point  on t h e  optimal t r a j e c t o r y ,  al is given by 
30 
1 
I n  both cases we  have a s i n g l e  qua r t i c  equation f o r  a 
2 2 2  2 2 - 108 C a (yl+yo) - 4 (y1-y0) ( Y ~ - Y ~ ) I  al - 144 [a -4 (yl-yo) I = 0 
By pu t t ing  
2 2 6 = a - 4 (yl-yo) 
w e  have t h e  a l t e r n a t e  equation 
(104) 
- 108 (yl+yo) 6 al - 1446 = 0 
In  t h i s  form it is read i ly  seen t h a t  t h e  optimum f l i g h t  i s  ef fec tua ted  
a t  constant angle of attack giving nnaximum lift t o  drag r a t i o ,  t h a t  is, 
al = 0 ,  A opt = 1, when 6 = 0,  o r  equivalently when t h e  ve loc i ty  l o s s  
is  such t h a t  
T "O = exp (ylE'yo) - (106) 
c a l c u l a t e  
t o  appear 
For each value of yo, and a given ve loc i ty  loss, we can e a s i l y  
t h e  c r i t i ca l  e x i t  angle y 
on t h e  optimal t r a j e c t o r y  by noting t h a t  such an angle and t h e  
such t h a t  t h e  inf lex ion  poin t  begins 1 
corresponding value of al s a t i s f y  both Eqs. (101) and (102). Hence,by 
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subtracting t h e  equations w e  have 
1 By subs t i t u t ing  t h e  root al = - - 
equation for t h e  c r i t i ca l  y1 
Y 1  
Squaring, we have a cubic equation 
(107) 
i n t o  e i t h e r  equation we have t h e  
2 3 2 
16y1 - 24y0y1 + 9 (y: - >) y 1 0  -y3 = o 
The range and a l t i t u d e  d i s t r i b u t i o n s  are ca lcu la ted  by t h e  same equa- 
t i o n s  as given i n  t h e  preceding sec t ion .  
i m u m  a l t i t u d e  is given by: 
In p a r t i c u l a r  t h e  f i n a l  max- 
For t h e  case without in f lex ion  
For t h e  case with inf lex ion  
It is obvious t h a t ,  f o r  given y and y t he  more is t h e  
0 1’ 
permitted ve loc i ty  loss, t h e  higher i s  the  f i n a l  a l t i t u d e .  I f  t he re  is 
no ga in  in t h e  f i n a l  a l t i t u d e ,  w - w  = 0 ,  and from Eqs. (61 )  and (70) 1 0  
w e  have for the case without in f lex ion  
32 
and ( 1 1 2  1 
By el iminat ion of al between the  two equations w e  have 
a min - 4 J- (113 
This gives  t h e  minimum veloc i ty  l o s s  to  reach the  same a l t i t u d e  as the  
i n i t i a l  a l t i t u d e  f o r  t he  case of skip t ra jec tory .  
in f lex ion  using Eqs. (62) and (72) we have the  same expression f o r  amin 
For t h e  case with 
Hence 
w < w  
1 0  
a > a  
a = a  
a < a  
min’ 
rnin 
min ’ 
If 
%= “0 
o > w  
1 0  
( 114 1 
The curve given by the  Eq. (113) is a hyperbola and is p lo t ted  i n  dot ted 
l i n e  i n  Fig. 6. 
(a,  yl) space with a negative i n i t i a l  f l i g h t  path angle,  yo = - loo 
and a terminal  f l i g h t  path angle yl-y,. 
i n t o  t w o  regions,  ( A )  and ( B ) ,  by the  composite curve I J K .  
This f igu re  presents t he  optimal t r a j e c t o r i e s  i n  the  
> 
The admissible space is  divided 
In  region ( A )  optimal t r a j e c t o r i e s  are flown without inf lexion.  
Points  i n  region ( B )  can be reached by op t ima l  t r a j e c t o r i e s  with an in- 
f lex ion  point .  
a cubic given by Eq. (108). 
t he re  e x i s t  
giving t h e  same maximum f i n a l  a l t i t u d e .  
high l i f t  and without inf lexion point .  
The inflexion point occurs along the  curve J K  which is 
For a te rmina l  state along the  curve IJ 
two optimal t r a j e c t o r i e s ,  with d i f f e ren t  l i f t  controls,  
One t r a j e c t o r y  is flown with 
This type of t r a j e c t o r y  e a s i l y  
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I .  
v i o l a t e s  condition (6 )  on bounded lift control. 
r equ i r e s  lower lift and has an inf lex ion  point on it. 
The o ther  t r a j e c t o r y  
I n  t h e  graph w e  can no t i ce  a region (C) where no t r a j e c t o r y  
can reach. This region is below t h e  l i n e  a = 0,  i.e. below t h e  l i n e  
1 
a = 2(y1-yO) (115 
Below t h i s  l i n e  t h e  prescribed ve loc i ty  loss is t o o  s m a l l  f o r  t h e  
vehic le  t o  reach t h e  prescribed f i n a l  f l i g h t  path angle. 
problem o f  optimum r o t a t i o n ,  from a given y 
least ve loc i ty  loss while t h e  f i n a l  posit ion is not  prescribed. 
it is a sub-class o f  t h e  problem t r e a t e d  i n  t h e  preceding sec t ion .  
This is t h e  
t o  a given yl, with t h e  
0 
Hence, 
I 
~ and p3 = -1 (maximizing u we  have 
op t  
Analytically,  from Eq. (321, by put t ing  p1 = 0 (free range),  
1 
= 1 - p2 s i n  y ( 116 
Hence, al = -p2. 
gives t h e  least ve loc i ty  l o s s  t o  reach a prescribed yl. 
If t h e  f i n a l  a l t i t u d e  is free p2 = 0,  and hence (115) 
Fig. 7 p l o t s  t h e  a l t i t u d e  gain -Aw 
f o r  d i f f e ren t  values of the ve loc i ty  loss . When 1’ 
versus t h e  terminal f l i g h t  
path angle y 
a < -2 f l y o  ( 117 
When t h e  in- t h e  f i n a l  a l t i t u d e  is always below t h e  i n i t i a l  a l t i t u d e .  
I 
equa l i ty  reverses ,  t h e  f i n a l  maximum a l t i t u d e  is above t h e  i n i t i a l  
a l t i t u d e  when 
35 
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For a given ve loc i ty  l o s s  there  ex i s t s  a maximum f i n a l  angle 
which can be reached given by 
(119 1 a Y 1  = + Yo 
When the  given ve loc i ty  loss is l a rge  enough the re  e x i s t s  a terminal  
f l i g h t  path angle y 
is given by the  equation 
such t h a t  t he  a l t i t u d e  gain is maximum. This angle 1 
dAw - =  0 
d y l  
Using (110) we  have 
- 
d i f f e ren t i a t ing  Eq. (101) with respect  t o  y1 we have 
among the  two equations above and Eq. (101) e l iminat ion of al and - 
have t h e  equation 
dal 
d y l  
3 \I Yl'YO p = (4Y1-Y0) - 
Y 1  
which is i d e n t i c a l  t o  Eq. (108). 
a l t i t u d e  ga in  f o r  each prescribed velocity l o s s  is t h e  same as t h e  
c r i t i ca l  y 
terminal  pos i t ion .  When a<-2 p y  t h e  maximum is only r e l a t i v e .  When 
Hence the y1 which gives  t h e  maximum 
t h a t  is the  y1 such t h a t  the inf lex ion  point  is a t  t h e  1' 
0 
37 
relative maximum altitude gain ceases to  ex i s t .  
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V I .  OPTIMAL TRAJECTORIES WITH BOUNDED LIFT CONTROL 
A simple check i n  Figures 4 and 6 shows t h a t  f o r  c e r t a i n  pre- 
sc r ibed  te rmina l  states t h e  constant al is such t h a t  X 
l a rge ,  and hence, i f  condition ( 6 )  on t h e  bounded con t ro l  is enforced, t h e  
optimal t r a j e c t o r y  is not  admissible. 
can become very 
opt 
In t h i s  sec t ion  w e  s h a l l  study the case where bounded con t ro l  
is  optimal. 
f l i g h t  path angle, and i f  in f lex ion  point e x i s t s ,  t h e  cri t ical  y* is such 
For def in i teness  w e  consider the case of negative i n i t i a l  
1 < < U t h a t  - p Yo - Y1 - Y* < F  (124) 
We first consider t h e  case of maximum f i n a l  ve loc i ty  and next ,  
t h e  case of maximum f i n a l  a l t i t u d e .  
1. MAXIMUM FINAL VELOCITY 
Since t h e  range is free,  and the f i n a l  ve loc i ty  i s  t o  be 
maximized 
p1 = 0,  p2 = constant = -al, pg = -1 
The con t ro l  is 
2 
X = l+al s i n  y 
(125) 
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Expression for t h e  Hamiltonian (26) t a k e s  t h e  form 
X 2 +ltals iny 
A H =  (128) 
I n i t i a l l y  X is pos i t i ve ,  and if an i n f l ex ion  point  e x i s t s  X changes i ts  s i g n  
beyond t h e  inf lexion point .  Since beyond t h e  inf lexion point  t h e  v a r i -  
able y decreases,  we  should change t h e  s i g n  of t h e  right-hand s ide  o f  
(128). Hence, expression (128) is always v a l i d  i f  w e  always t ake  t h e  
posi t ive s i g n  f o r  A. 
Fig. 8 shows t h e  va r i a t ion  of H with respect  t o  A. The curve 
is a branch of hyperbola i n  t h e  ( H , X )  space with an absolute  minimum a t  
A = 3-y. It is clear t h a t  i f  4- > A max ’ 
control  s a t i s f y i n g  (127) while giving t h e  minimum of H. 
t h e  optimal l i f t  con t ro l  for  t h i s  case. 
then Xmax is  t h e  
Hence, Xmax is 
2 Fig. 9 shows t h e  var ia t ion  of A given by (126) with respect  
t o  y f o r  al>O. The curve i n t e r s e c t s  t h e  l i n e  A 2 = X 2  at most a t  one max 
point between y and yl. 
Hence, if bounded con t ro l  is encountered t h e  sequence is 
There is no inf lexion point  i n  t h i s  case. 
0 
Variable con t ro l  + Bounded con t ro l  (129) 
To ca l cu la t e  t h e  constant al for  t h e  variable con t ro l  and t h e  
value y of the  f l i g h t  path angle a t  which w e  switch optimal con t ro l  w e  
first notice t h a t  y 
S 
is such t h a t  
S 
x 2  = l t a  s iny max 1 s  
Next, i f  w e  i n t e g r a t e  Eq. (21) from yo t o  y with va r i ab le  
S 
con t ro l  (126) w e  have an equation of t h e  form 
40 
TO A .  
F ig .  9. VARIATION OF A 2  WITH RESPECT TO y (a,>O). 
opt  
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where w is the  a l t i t u d e  corresponding t o  ys,  i .e .  t h e  switching a l t i t u d e .  
S 
Fina l ly ,  i f  (21) is in tegra ted  from ys t o  y1 with A =  Xmx w e  have 
( cosy1- cosys 1 1 w - w  = -  
'max 
(132) 
The Eqs. (130), (131) and (132) permit t he  ca lcu la t ion  of al, and of t h e  
switching angle y and t h e  switching a l t i t u d e  w . S S 
If small angle approximation is used, t h e  equations are replaced 
x : ~ ~  = l+a y 1 s  
2 
w s o  -w = - 2 [(P-a 1 s  y d q i  - (2-aly0) \I=] (133) 
3al 
1 2 2  
ul-us = - (Ys-Y1) 
2Xmax 
It  can be seen t h a t  t h e  so lu t ion  t o  t h e  system is given by a 
quartic equation i n  al. 
Fig. 10 shows t h e  va r i a t ion  of X2, given by (1261, with respec t  
t o  y for al<O. The curve i n t e r s e c t s  t h e  l i n e  X2=X2 
Inflexion point may e x i s t  i n  t h i s  case since X may vanish. 
a t  most a t  one point.  max 
If yl>ys, then 
t h e  sequence f o r  t h e  con t ro l  is 
Bounded con t ro l  -t Variable con t ro l  (134) 
Variable con t ro l  may be flown with or without in f lex ion  point.  
t h e  constant al for t h e  var iab le  cont ro l  w e  first have Eq. (130). 
To ca l cu la t e  
By in t eg ra t ing  Eq. (21) f r o m  yo t o  ys with X=Xmax w e  have 
w - w  = -  (cosy - cosy,) 
S 'max s o  
42 
(135) 
If the  las t  port ion of the  t ra jec tory  is  flown without in f lex ion  
poin t  we have by in t eg ra t ing  Eq. (21) from y t o  y with var iab le  
S 1 
cont ro l  (126 1 
w -w = f 2  (Y1, Y,, a,) 1 s  (136) 
The Eqs. (1301, (1351, and (136) permit the ca lcu la t ion  of  a 
switching angle ys and t h e  switching a l t i t u d e  w . 
and of t h e  1’ 
S 
If t h e  last port ion of t h e  t r a j ec to ry  is flown with an inf lex ion  
poin t ,  by observing the  change of t h e  s ign of A when y passes  through t h e  
cri t ical  y*, w e  can in t eg ra t e  Eq. (21) and replace (136) by 
wl-ws = fg (Yl, Ys, a,) (137 1 
If small angle  approximation is used, we have: 
For t h e  case without in f lex ion  
2 
Amax = l+alYs 
For t he  case with inf lexion point t he  last equation is t o  be 
replaced by 
It can be seen t h a t  i n  e i t h e r  case, t h e  r e s u l t i n g  equation of 
t h e  system is a qua r t i c  equation i n  al. 
43 
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Fig. 11. CASE OF TWO SWITCHINGS. 
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It is possible  t h a t ,  for t h e  case where al<O, t h e  end-conditions 
and t h e  value of Amax are such t h a t  Y <y For t h i s  case it is 
necessary t h a t  an inf lexion point  e x i s t s  as it can be seen Pn t h e  f igu re .  
(Fig. 11). 1 s  
For t h i s  case the  sequence f o r  t h e  con t ro l  is  
Bounded c o n t r o l +  Variable cont ro l  (with inf lexion)  + Bounded cont ro l  (140) 
To calculate t h e  optimal elements involved w e  first have Eq. (130). Then 
by in t eg ra t ing  (21) from yo t o  ys with A=Xmax w e  have 
= -  ( cosys-cosyo 
wsl-wo Amax (141) 
where w 
(21) from y 
with negative var iab le  l i f t  w e  have an expression of  the  form 
is the  first switching a l t i t u d e  (Fig. 12). Next, by in t eg ra t ing  sl 
t o  y* with pos i t i ve  variable l i f t ,  and then f r o m  y* t o  ys 
S 
ws2-us1 = f 4  (Ys,  aL' (142) 
where w 
is in tegra ted  from ys t o  y1 with '=-Amax t o  give 
i s  t h e  second switching a l t i t ude .  F ina l ly  the  equation f o r  w s 2  
w - 0  = -  1 (cosys-cosY1) 
s2 'max 
( 143 
The system of Eqs. (1301, (1411, (142) and (143) gives  al, y,, wsl and w s2. 
If small angle approximation i s  used w e  have t h e  system 
2 
Amax = l+alYs 
1 2 2  
wsl-wo - -  2Amax (Yo-Ys) 
4( 2-alys 1 
2 
=- 
ws2-wsl  
1. 3al 
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w 
0 
YS,%l 
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Fig. 12. OPTIMAL FLIGHT PATH WITH TWO SWITCHINGS. 
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By solving t h e  system w e  have 
a l = -  JT 
3 [Y +Y1-2A- ( y - w 0  
< 3+2 fi Amax 
and from t h i s  value of al w e  can easily ca lcu la te  y,, w and ws2. I f  s l  
(146) 
2 2  
w - 0 )  e -  
w e  m u s t  have 
yo+y1 
l o 2Xmx 
Otherwise both inequa l i t i e s  reverse  for r ea l  value of 
Since bounded control  ihrerf-eres only with 
(147) 
iigh 1 F t  t r a j e c t o r  
it is poss ib le  f o r  t he  same end-condition t o  f ind  a lower lift va r i e ty  
giving b e t t e r  saving i n  the  ve loc i ty  loss as explained before. Hence f o r  
t he  case of bounded control we must compare t h e  t r a j ec to ry  with a l t e r n a t e  
lower l i f t  t r a j e c t o r y  t o  search the  t r u e  optimal t r a j ec to ry .  
2. X A X I X M  FINAL ALTITUDE 
Since the  range is  f r e e ,  and the f i n a l  a l t i t u d e  is t o  be maxi- 
mized, we have 
1 
p1=0 ¶ P 2 = L  3- a p -constant=- 1 
Expression fo r  t he  Hamiltonian (26) takes the  form 
X 2 +l+alsiny 
1 
a H = - -  al 
.es, 
47 
For pos i t i ve  l i f t ,  i f  al is pos i t i ve  the  Hamiltonian is an 
absolute minimum fo r  X = O  and the  t r a j e c t o r y  cannot lead  t o  maximum f i n a l  
a l t i t ude .  
i n  Fig.  6. 
Hence, we have only negative values for  al as it can be seen 
Thus, i n  t h i s  case only Figs. (10) and (11) apply. 
The arguments a r e  t h e  same as i n  t h e  case of maximum f i n a l  
velocity. 
t i o n  of Eq. (22). 
elements f o r  t h e  case of small f l i g h t  path angles. 
The in t eg ra t ion  of Eq. (21) is t o  be replaced by the  in tegra-  
We give here the  r e l a t i o n s  t o  ca l cu la t e  t h e  optimal 
In the  case of one switching and without in f lex ion  w e  have 
t h e  sys tem 
2 
Xmax = l+alYs 
2 
(Ys-Y, 1 
' 0  - '+',ax 
S 'max 
2E*l0g - (150) 
where V When the re  is an 
inflexion on t h e  var iab le  lift por t ion  of the  t r a j e c t o r y ,  t h e  l a s t  
equation i s  t o  be replaced by 
i s  t h e  ve loc i ty  a t  the  switching poin t .  
S 
.I 
1' In  both cases the  r e s u l t i n g  equation is a cubic equation i n  a 
I n  t h e  case of two switchings,  t h e  var iab le  l i f t  por t ion  of 
t h e  t r a j ec to ry  is flown with an' , inflexion and the  so lu t ion  is obtained 
by solving t h e  system 
48 
2E*log 
2E*log 
2E*log 
n 
(Y,-Yo 
A 
n 
By solving 
L - 6AmW -3) 4 - *(Amax 
al - 
the  system w e  have 
ri 
(153)  
For negative value of al, i f  
w e  must have 
2 
( l+xmax ( Y0+Y1 
max A 
a > -  ( 1 5 5  1 
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V I I .  APPROXIMATE SOLUTION FOR SLIGHTLY CONSTRAINED RANGE 
The s ingular  per turba t ion  d i f f e r e n t i a l  equation (39) can only 
be handled with spec i f i c  boundary conditions because of t h e  d i f f e r e n t  
orders o f  magnitude of t h e  elements involved. To t a k e  an example, i n  t h i s  
section we s h a l l  consider the  problem of maximizing t h e  f i n a l  ve loc i ty  of 
a hypervelocity in te rceptor .  The vehicle is coming from an i n i t i a l  posi- 
t i o n ,  5 =O, wo, a t  an angle y with an i n i t i a l  ve loc i ty  u . It is pro- 
1’ posed t o  bring the  in t e rcep to r  along a f l i g h t  path t o  a new pos i t ion  5 
w If the  1’ 1 
prescribed value 5 is such t h a t  it is near t he  value which 5 would have 
a t  the f i n a l  t i m e  i f  t he  range is  f r e e ,  then it is reasonable t o  expect 
t h a t  t h e  parameter E would be small. 
tude range such t h a t  t h e  quant i ty  E / W  is small. 
0 0’ 0 
a t  an angle y such t h a t  t h e  f i n a l  ve loc i ty  u1 is  a maximum. 
1 
Furthermore, w e  s h a l l  t ake  an a l t i -  
Instead of t he  governing equation (39) w e  s h a l l  consider t h e  
system 
(156) 
(157) 
E 
w sinyy’ - cosyy = - 
siny = -  
ViG 
where 
2 l t y  = m = X 
opt 
(158) 
and the prime denotes t h e  d i f f e r e n t i a t i o n  with respec t  t o  y. 
solutions t o  the  system of t h e  form 
We seek 
2 y = yo + Eyl + E y2 i ... 
+ E n l  + E n2 t ... 2 w = R 
0 
(159) 
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where y and a.  are functions of y. 
t he  series converge i f  E is  reasonably small C51. 
It has been shown by Bincar;  t h a t  i 1 
Upon s u b s t i t u t i n g  t h e  series i n t o  the  system, and equating l i k e  
powers i n  E we have 
sinyy; - cosyyo = 0 
s inyy i  - 1 
. . . . . . . 
and 
(160) 
. . . . . . . 
By in t eg ra t ing  t h e  first equation (160) we have t o  t h e  zeroth order 
yo = al s i n  y (162) 
By s u b s t i t u t i n g  t h i s  expression f o r  y in to  t h e  first equation (161) and 
0 
i n t eg ra t ing  w e  have 
s i n  ydy no(y) = - J ~ + constant 
l+a s i n y  
(163) 
51 
The constants of in tegra t ion  a r e  evaluated by the  end-conditions i n  w 
by assuming 
Qo(Yo) = w0, Q0(Y1) = w1 (164) 
Using small angle approximation, we have f o r  t he  case without in f lex ion  
where a is  given by Eq. (61). 1 
To have a first order  so lu t ion  we in t eg ra t e  t h e  second equation 
(160) using the  expression above f o r  52 0 . This gives 
2 
3aldy 
+ a 2 ]  (166) 
y2[2(2-aly) Jq - 2(2-aly0) i q o  + 3a:wo] Y , w  = Y [ J 
where a 
Q = 
e x p l i c i t l y  
i s  a new constant of in tegra t ion .  By the  change of var iab le  2 
\(- w e  have a r a t i o n a l  i n t e g r a l  and i t s  in tegra t ion  gives 
Y p  = Y [fW + a2] (167) 
Next by using y1 i n  t h e  second equation (161) and in t eg ra t ing  w e  have 
By t h e  change of var iab le  Q = d F  t h e  second i n t e g r a l  can be e a s i l y  
integrated.  The first i n t e g r a l  contains terms i n  t h e  forms 
j Q p l o g  ( Q2+b Id0 
j Q p l o g  (Q+b)dQ and JQParc t a n  (Qtb) dQ 
52 
These i n t e g r a l s  can a l s o  be expressed i n  terms of elementary functions. 
F ina l ly ,  t h e  constants a2 and a in Eq. (168) are ca lcu la ted  3 
by t h e  end-condit ions  
The optimal cont ro l  defined by (158) i s  now of t h e  form 
A = A(Y,E)  (170 1 
The constant E i p  ca lcu la ted  by in tegra t ing  t h e  equation (20) i n  5 ,  
following t h e  procedure out l ined  i n  section IIL.To t h e  first order  i n  E 
2 2 
Y 
+ constant (171) 
The first i n t e g r a l  is t h e  same as in t eg ra l  (81). 
unperturbed range. 
parameter E are now ca lcu la ted  by t h e  end-conditions i n  5. 
known, t h e  ve loc i ty  h i s t o r y  is obtained by i n t eg ra t ing  Eq. (22). 
problem is hence completely salved. 
It represents  t h e  
The new constant of in tegra t ion  i n  (171) and t h e  
When E is  
The 
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V I I I .  CONCLUSION 
In t h i s  repor t  t h e  a n a l y t i c a l  so lu t ions  of some problems con- 
cerning t h e  optimum maneuvering of a l i f t i n g  vehic le  i n  t h e  hypervelocity 
regime have been obtained using the  approximation of Allen and Eggers. 
If t he  range is free, t h e  optimal l i f t  cont ro l  is obtained i n  
closed form. 
formulas derived i n  t h i s  r epor t  have been obtained with a parabolic drag 
po la r ,  t h e  problems considered are s t i l l  solvable a n a l y t i c a l l y  with a gen- 
e ra l ized  drag polar  as it is shown i n  Appendix A. 
It i s  i n t e r e s t i n g  t o  not ice  t h a t ,  although t h e  pe r t inen t  
An i n t e r e s t i n g  f e a t u r e  i n  t h e  optimal t r a j e c t o r y  is t h a t  it may 
have an in f lex ion  point a t  which t h e  l i f t  changes s ign  by passing through 
zero. 
a l t i t u d e  as they are discussed i n  t h i s  r e p o r t )  are s t a t iona ry  when t h e  
inflexion i s  a t  t h e  terminal pos i t ion .  This property is  proved i n  t h e  
t e x t  using small angle approximation. 
equations are considered. 
given i n  Appendix B. 
The optimum cos t  functions (maximum f i n a l  ve loc i ty  o r  maximum f i n a l  
But it is a l s o  t r u e  when t h e  exact 
The proof of t h i s  property f o r  l a rge  angles is 
The study includes the  case where the  l i f t  cont ro l  is bounded. 
I n  t h i s  case bounded cont ro l  is optimal whenever it is reached. 
switching sequences f o r  d i f f e r e n t  cases are discussed. 
f o r  t h e  case of free range t h e r e m e  a t  most two switchings. 
con t ro l  is always a t  t h e  two ends of t h e  optimal t r a j e c t o r y .  
The 
It is shown t h a t  
Bounded l i f t  
54 
For t h e  general  case, when t h e  range is a l s o  prescr ibed t h e  
problem cons i s t s  of in tegra t ing  a second order nonlinear system. 
approximate so lu t ion  is obtained f o r  the  case where the range is s l i g h t l y  
constrained. 
w i l l  be obtained by the  readers  who a r e  in te res ted  i n  o ther  aspec ts  of 
t h i s  fasc ina t ing  problem. 
An 
It is t h e  hope of t h e  authors  t h a t  o ther  in tegrable  cases 
5 5  
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APPENDIX A. 
OPTIMAL CONTROL FOR GENERALIZED DRAG POLAR 
Consider t he  equation of t he  generalized drag po la r  
(A.1) 
n CD - CDo + KCL 
It can be employed t o  represent t he  r e l a t i o n  between the  l i f t  and drag 
Do ’ coe f f i c i en t s  i n  any flow regime i f  t h e  ze ro - l i f t  drag coe f f i c i en t  C 
t he  induced drag f a c t o r  K,  and t h e  exponent n a r e  regarded t o  be functions 
of hoth t h e  Mach number and the  Reynolds number. 
t h a t  CDo, K and n are constant i n  t h e  ve loc i ty-a l t i tude  range considered. 
For thin-winged configurations operating i n  t he  hypervelocity domain, 
n is  c lose  t o  3/2. 
Here we s h a l l  assume 
We define a cont ro l  parameter X by t he  r e l a t i o n  
An = (A.2) 
( n- 1 KCLn 
cDO 
Then f o r  each value of A ,  the l i f t  and drag c o e f f i c i e n t s  are 
given by 
* * 
where CL and C D 
maximum lift t o  drag r a t i o  Ea. 
are the  lift and drag coe f f i c i en t s  corresponding t o  
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1 - n-1 I_ (A.4)  
n (a) 
We notice t h a t  A = l  corresponds t o  maximum l i f t  t o  drag r a t i o .  
Also we may have 
The dimensionless var iab les  are defined as 
u = nE*log (k) 
Then, the  s ta te  equations (20) '  ( 2 1 )  and (22) are replaced by 
It can be 
values of 
seen t h a t  f o r  t h e  case where the  range i s  free, the  s t a t iona ry  
the  Hamiltonian correspond t o  
This value of A and t h e  value Amax cons t i t u t e  t he  set of possible  optimal 
controls fo r  pos i t i ve  l i f t .  
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APPENDIX B. 
INFLEXION POINT IN THE CASE OF LARGE ANGLE 
We s h a l l  consider t he  case of f ree  range - maximum f i n a l  ve loc i ty  
with parabol ic  drag polar .  
The constant of in t eg ra t ion  al i n  t h e  optimal con t ro l  is 
ca lcu la ted  by 
A w = w  - 0  = -  
1 0  
The cri t ical  value of y1 has been defined as the  one such t h a t  
t h e  - inf lex ion  point is a t  t h e  terminal posit ion. 
1 
1 a s i n y  = - - 1 
Hence, t h e  c r i t i ca l  y is obtained by solving 1 
(B.2) 
I n  t h e  case of small angle, w e  have the approximate equation (76). 
For the  case without in f lex ion ,  the  ve loc i ty  r a t i o  is given by 
dY 
"0 l. 
a= 2E*log 7 = I 
('1 2+a, siny 
(B.4) 
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o r ,  using (B.1) 
For m i n i m u m  ve loc i ty  loss 
dal - A w - = O  dal 2 - dy t 
y ( l t a l s iny )  3/2 dYl d y l  
0 
By d i f f e ren t i a t ing  (B.1) with respec t  t o  y1 
= o  1 
s iny 2 dal -dy - s i n  y 
3/2 dYl d-l 
Therefore 
s i n  ydy 2 
y 0 (l+alsiny) 
(B.6) 
( B . 7 )  
- s iny 1 - 
2 ( l t a l s iny  1 
dal 
d y l  
By eliminating Au and -among t h e  two equations above and Eq. (B.1) 
w e  have 
2 
( l talsinyl)  J yl(l;sin;: 3/2 = O 
YO 
(B.9) 
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Hence, w e  have 
l+a s h y l  = 0 1 
# 
(B.lO) 
This shows t h a t  t h e  c r i t i ca l  values of yl, given by Eq. (B.3) are t h e  
values of y1 corresponding t o  t h e  s ta t ionary  values of u.  
Following the  same type of derivation w e  can show t h a t  t h e  
c r i t i ca l  y i n  t h e  case of maximum f i n a l  a l t i t u d e  is given by 1 
2 - (siny/sinyl) 
dY 
YO 
(B.11) 
These c r i t i ca l  values of y1 also correspond t o  the  s t a t iona ry  
values of ha. 
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